
ON D E F O R M A B I L I T Y  OF  S O I L S  IN A C O M P L E X  

S T R E S S  S T A T E  
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Possibi l i t ies  of using the t tencky-Nadai theory for complex loading of soils are  experimentally in- 
vestigated.  It is found that for sand and loam of disturbed s t ructure  the necessa ry  p remises  of the Hencky- 
Nadai theory are  fulfilled under complex loading on fair ly smooth loading paths. 

The modern methods of calculation in soil mechanics are  based on the s implest  deformation theoryof  
Hencky-Nadai 

s~j = v~j  (i) 

where Sij is the stress deviator, ~ij is the strain deviator, and G S is secant modulus of the curve of stress 
intensity depending on strain intensity. 

The observation of the initial premises of this theory [1] (the coincidence of the principal axes of 
stress and strain tensors and the similarity of their deviators) has been investigated for complex loading 
of soils, including the case where the directions of the principal stress axes change. Such a formulation 
of the investigation is determined by the fact that the loading of an element of soil, as a rule, is complex. 
At the same time experimental studies of complex loading of soils nowadays are almost nonexistent. 

The experiments have been formulated on hollow cylindrical testpieces of soil loaded by an axial force 
and hydraulic pressure which was not the same inside and outside the testpieces. Various combinations 
of these loads allow the deformation of soil to be investigated both under the conditions of simple loading 
and under those of complex loading. An application of a twisting moment to the ends leads to the position 

�9 of the axes of the principal stresses (r I and g3 being altered. 

The experimental installation allowed testpieces of height 80 ram, with the internal and external di- 
ameters 35 and 60 mm respectively, to be tested. The application of the vertical load and the twisting mo- 
ment was effected by mechanical systems, while the application of the hydrostatic pressure was effected 
by compressed air through glycerine and rubber shells. The vertical deformation of the testpiece was mea- 
sured by an indicator of the clock gage type connected with the loading rod, with an accuracy of 0.01 ram. 
The radial and tangential deformations were determined from the changes in the outer and inner diameters 
of the testpiece, measured from the volume of glycerine in the inner and outer cavities of the instrument 
with an accuracy up to 0.05 cm 3. The angular deformation was determined by a geodesic limb fixed to the 
loading rod, with an accuracy of 0o02 '. The loads specified were fixed by standard manometers and a dyna- 
mometer with a scale divided into 0.05 kg/cm 2. 

The soils investigated are characterized by the following indices. The sand is of medium grain, ho- 
mogeneous, of medium density with a specific weight of 2.65 g/am3; the porocity coefficient is 0.57, and 
the predominant fraction of the grain content is 0.25 to 0.5 ram. t 

The loam of disturbed s t ructure  has a moisture  content 10 at the yield point, and a weight content of 
mois ture  of 12.3%. Its porosi ty coefficient is 0.76, the degree of water  saturation is 0.44, and the specific 
weight is 2.72 g [ c m  3. 
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The initial isotropy of the properties of the soils is experi- 
mentally confirmed by means of an identical program from test- 
pieces oriented in a different manner. 

The loading of the soils was carried out by steps with strain 
stabilization after each load step. 

All experiments were set up using a magnitude of the av- 
erage pressure q which remained constant during the course of 
loading, so that only the components of the stress deviator in- 
creased. The value of q is taken equal to 5 kg/cm 2. 

The experiments carried out can be divided into three groups: 

1) experiments of simple loading during which the compo- 
nents of the stress deviator increased proportionally and the pa- 
rameter of the form of the stress state (parameter of Lode) 
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r emained  constant; 
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2) expe r imen t s  of complex loading (# is  va r i ab le )  with a fixed posi t ion of the axes  of pr inc ipa l  s t r e s s e s ;  

3) expe r imen t s  of complex loading during which the d i rec t ion  of the axes  of p r inc ipa l  s t r e s s e s  was 
va r i ed .  

The s imple  loading has been c a r r i e d  out both for  sand and for  loam,  for  th ree  va lues  # = - 1 ,  0, and 
+1 (the t e s t s*  1, 2, and 3). The expe r imen t s  of the second group include two t e s t s :  4 and 5. In the t e s t  
4 on the f i r s t  s tage the loading is s imple  (~ = - 1 ) ;  then for  a constant value of the s t r e s s  in tensi ty  ~i (5.1 
k g / c m  2 for  loam and 4.9 k g / c m  2 for  sand) the p a r a m e t e r  of the fo rm of the s t r e s s  s ta te  was v a r i e d  in s teps  
f rom - 1  to 0. In an analogous t e s t  with sand the value of g i n c r e a s e d  between the l im i t s  f rom - 1  to+0 .75 .  

The t e s t  5 d i f fered f rom the t e s t  4 by the fact  that the same  s t r e s s  s ta te  (g =0, a i = 5 . 1  k g / c m  2 for  
loam and 4.9 k g / c m  2 for  sand) was r eached  by a s imul taneous  i n c r e a s e  in (r i and a va r i a t i on  in g f rom - 1  

to 0. The concluding s tage of the t e s t s  4 and 5 cons i s ted  of i nc rea s ing  ai  r ight  up to the fa i lu re  w i t h p  =0. 

Complex loading with va r i a t i on  of the pos i t ion  of the s t r e s s  p r inc ipa l  axes  has been c a r r i e d  out in 
the t e s t s  6, 7, 8, 9, 10, 11. 

The p r o g r a m  of va r i a t i on  of the p r inc ipa l  s t r e s s e s ,  as  well  as  qi and # in the t e s t s  6 and 7, comple te ly  
coincides  with the p r o g r a m  of the t e s t s  4 and 5 r e s pe c t i ve l y .  However,  s imul taneous ly  with the va r i a t i on  
of the fo rm of the s t r e s s  s ta te  the axes  of the p r inc ipa l  s t r e s s e s  were  ro ta ted  through 45 ~ . 

In the t e s t s  8 and 9 the loading took place  with a constant  value of the Lode p a r a m e t e r  equal to - 1  
and 0. The i n c r e a s e  in the s t r e s s  intensi ty was accompanied  by a ro ta t ion  of the p r inc ipa l  s t r e s s  axes  
through 45 ~ . 

In the t e s t s  10 and 11 the ro ta t ion of the axes  of p r inc ipa l  s t r e s s e s  through 45 ~ was effected a f te r  p r e -  
l i m i n a r y  s imple  loading (p = - 1  and 0). In the p r o c e s s  of ro ta t ion  the values  of the p r inc ipa l  s t r e s s e s  were  
main ta ined  constant .  The subsequent  loading has been c a r r i e d  out for  a constant  value of p.  

The r e s u l t s  of the t e s t s t  1-11 r e p r e s e n t e d  in F igs .  1-5 al low us to e s t ima te  the degree  of viola t ion 
of the p r e m i s e s  of the s i m p l e s t  deformat ion  theory  under  the conditions of complex loading:  the co inc i -  
dence of the axes  of the s t r e s s  and s t r a in  t e n s o r s ,  the s i m i l a r i t y  of the i r  dev ia to r s .  Side by side with this  
we cons ide r  the v io la t ion  of the r e l a t ionsh ips  between the s t r e s s  and s t r a in  invar ian t s  which a r e  c h a r a c -  
t e r i s t i c  for  s imple  loading.  

The dependence of the s t r a in  in tensi ty  e i and the volume s t r a i n  0 on the s t r e s s  intensi ty qi, for the 
v a r i e t y  of sand inves t iga ted ,  is  shown in Fig .  1 and Fig.  2. 

*Since the invest igat ion p r o g r a m s  of sand and loam a r e  analogous,  the numera t ion  of t e s t s  here  is the s ame .  
cThe condit ional  t e s t  symbols  a r e  p r e sen t ed  in Fig .  1. 
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In Fig. 3 we have presented the relat ionships between p and the analogous pa ramete r  for s t rain 

(2e~ - -  el - -  e~) 

= (el - -  es) 

The experimental points obtained with simple loading lie within the zones bounded by the rectangles. 
Dashed lines and blackened dots refer to tests on sand, while continuous lines and hollow circles refer to 
tests on loam. 

The variation of the angle of rotation of the axes of principal strains 

i eis 
= -~- arc tg ell -- esa 

for  rotat ion of the axes of principal s t r e s s e s  through the angle 

i 26ia 
a = T arc tg ~il -- ~ss 

is shown in Fig. 4 for loam and in Fig. 5 for sand. 

On the same graphs we have shown the variat ion of r in the process  of the subsequent stage of loading 
in the tests  6, 10, 11 (a ;=45~  and p =const) .  

Consideration of the data presented in Figs.  1-5 allows us to draw the following conclusions. 

Under simple loading for each value of ~ we have obtained its graphs showing the dependence of ~i 
on e i and ffi on 0 (Fig. 1, Fig. 2). Thus the relat ionships between strain and s t r e s s  invariants must  bewrit-- 
ten in the fo rm 

e = e (a ,  ~, ~), e~ = e~ (~, r li) ( 2 )  

The necess i ty  of introducing the mean p res su re  into Eq. (2) follows f rom the considerat ion of nu- 
merous  experimental  data [2, 3]. 

The pa ramete r s  # and v under simple loading can be taken as equal (Fig. 3), i.e.,  the deviators of 
s t r e s se s  and s t ra ins  a re  s imi lar .  Consequently, for sand, just as for loam, the Hencky relat ionships are  
true under simple loading. This resu l t  has experimental ly been obtained in other works [3]. 

Experiments showed that the laws of simple loading are  retained also for certain t ra jec tor ies  of com-  
plex loading. Thus, in tes ts  where var ia t ion of the form of s t r e ss  state and rotation of the principal axes 
of s t r e s se s  were accompanied by an increase  in the s t r e s s  intensity (the tests 5, 7, 8, 9) ei ther  no devi- 
ations f rom the relat ionships of simple loading were obtained, or such deviations were small .  In the tes ts  
5, 7 and 2, for ~ =0, r kg / cm 2 for loam and 4.9 k g / c m  2 for sand, and independently of the presence 
of rotation of the axes of principle s t r e s s e s ,  the quantities e i and 0 are  close to one another for the dif- 
ferent  tes ts  considered,  and only slightly depend on the t ra jec tory  of the subsequent loading, i.e., the r e -  
lationships (2) are  fulfilled. 

It is of considerable interest  to compare  the resul ts  thus obtained with the data of other investiga- 
t ions. Experiments with metals  [4] also show that complex loading accompanied by an increase  in ai does 
not lead to a significant violation of the relat ionships of the deformation theory of plasticity.  For  metals 
the deviations f rom the relat ionships of simple loading is small  also in the case where rotation of the axes 
of principal s t r e s se s  is ca r r i ed  out for an unal tered fo rm of the s t r e s s  state simultaneously with an in- 
c rease  in cr i [5]. The tes ts  8 and 9 ca r r i ed  out by the authors confi rm this resul t  also for soils.  Thegraphs  
of these tes ts  (Figs.  1 and 2) pract ical ly  coincide with the graphs of the tests  1 and 2 which have been ob- 
tained under the conditions of simple loading. 

In the experiments  5, 7, 8, 9 considered here,  the equation p =v (Fig. 3) is sat isfied with a sufficient 
degree of accuracy ,  and c~ =r  (Fig. 4 and Fig. 5), i.e., the principal axes of the s t r e ss  and s t ra in  tensors  
coincide, and their  deviators are  s imi lar .  Thus, the p remises  of applicability of the Hencky equations (1) 
are  satisfied. Certain deviations f rom the relat ionships of simple loading have been obtained for sand in 
the tes t  7, in which loading took place with a simultaneous increase in ~i, var ia t ion of # f rom - 1 to 0, and 
rotation of the principal axes of s t r e s s  through 45 ~ Somewhat l a rge r  s t rains  e i and 0 and somewhat smal le r  
angles r in compar ison with simple loading, have been obtained. 

Completely different resul ts  have been obtained under complex loading which was preceded by a stage 
of simple loading (the tests  4, 6, 10 and 11). A subsequent variat ion of p or ~ (or p and ~ simultaneously) 
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gave r i s e  to sharp  deviations f r o m  the re la t ionships  of s imple  loading. An inc rease  of the Lode p a r a m e t e r  
f r o m  - 1 to 0 (the t e s t  4) with an unal tered value of the s t r e s s  intensity leads to an inc rease  in ei and 0 
(Fig. 1 and Fig. 2) which, however ,  is l e s s  than the di f ference between the l ines of s imple  loading for  # = 
- 1 and 0, respec t ive ly .  The same  resu l t  is obtained in an analogous t e s t  with loam.  

A var ia t ion  in the or ientat ion of the pr incipal  s t r e s s  axes ,  for  a constant ai,  leads  to a cons iderable  
inc rease  in the s t ra ins  ei and 0 (the t e s t s  10 and 11). Thus,  for  t r a j e c t o r i e s  of the type under considerat ion,  
for  which the p re sence  of a port ion of s imple  loading preceding  complex loading is cha rac t e r i s t i c ,  Eqs. (2) 
a r e  unsuitable,  s ince they do not take into account the influence of the t r a j ec to ry .  

Analogous exper imen t s  with meta l s  show that complex loading following s imple  loading also leads 
to a violation of the re la t ionships  of s imple  loading. These  violat ions a r e  the s e v e r e s t  when ai  r e m a i n s  
constant  [4, 6]. 

Side by side with a deviation f r o m  Eqs. (2) in the t e s t s  4, 6, 10 and 11 we have a cons iderable  v io la -  
tion of the co-axia l i ty  of the s t r e s s  and s t r a in  t enso r s ,  as  well  as  the s imi l a r i ty  of the i r  dev ia to rs  (Figs .  
3, 4, 5). The conditions of applicabil i ty of Hencky equations a r e  g ros s ly  violated.  

The invest igat ions of complex loading of two different soi ls  c a r r i e d  out here  enabled us to es tab l i sh  
cer ta in  genera l  f ea tu res  of deformation.  It  is shown that  for  cer ta in  t r a j e c t o r i e s  (and, apparent ly ,  for  c e r -  
tain soi ls  and the i r  physical  s tates)  the re la t ionships  of s imple  loading a re  re ta ined  under complex loading. 
These  t r a j e c t o r i e s  a r e  c h a r a c t e r i z e d  by the absence  of a sha rp  change in the f o r m  of the s t r e s s  s tate  and 
or ientat ion of the pr incipal  s t r e s s  axes ,  while the loading takes  place wi tha  growing intensity of the s t r e s s e s .  
Thus,  the descr ipt ion of p r o c e s s e s  of complex loading along t r a j e c t o r i e s  of this type can be effected by 
equations of the s imples t  deformat ion theory of Hencky-Nadai .  
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